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Abstract It is well known that the equation of state (EoS)
of compact objects like neutron and quark stars is not de-
termined despite there are several sophisticated models to
describe it. From the electromagnetic observations, summa-
rized in Lattimer and Prakash (2001), and the recent observa-
tion of gravitational waves from binary neutron star inspiral
GW170817 Abbott et al. (2017) and GW190425 The LIGO
Scientific Collaboration et al. (2020), it is possible to make
an estimation of the range of masses and so constraint the
mass of the neutron and quark stars, determining not only
the best approximation for the EoS, but which kind of stars
we would be observing. In this paper we explore several
configurations of neutron stars assuming a simple polytropic
equation of state, using a single layer model without crust.
In particular, when the EoS depends on the mass rest den-
sity, p = KρΓ0 , and when it depends on the energy density
p = KρΓ, considerable differences in the mass-radius rela-
tionships are found. On the other hand, we also explore quark
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stars models using the MIT bag EoS for different values of
the vacuum energy density B.
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1 Introduction
The new astronomy and astrophysics of multi-messengers
were born from the event GW170817, in which the gravita-
tional and electromagnetic radiation coming from the colli-
sion of a binary neutron star systemwasmeasured for the first
time Abbott et al. (2017); The LIGO Scientific Collaboration
et al. (2017). The masses of neutron stars responsible for this
strong emission of gravitational waves have been estimated
in the range 1.17 M−1.6 M with a total mass of the system
of 2.74+0.04−0.01M Abbott et al. (2017). In new detection during
the third observing run (O3) of the LIGO-Virgo detectors in
the event GW190425, the estimated masses are in the range
1.45 M − 1.88 M for low spinning neutron stars with total
mass 2.3+0.1−0.1 M The LIGO Scientific Collaboration et al.
(2020). In the last decades, the study of neutron stars has be-
come one of the branches of relativistic astrophysics of more
interest in the scientific community, since these objects are
extremely dense and there is uncertainty about the behave
of matter inside. In order to understand a little more about
the behaviour of these ultracompact objects, many general
relativistic numerical simulations have been carried out to
extract the gravitational waveform coming from the collision
of neutron stars for different equations of state Andersson
et al. (2011); Baiotti and Rezzolla (2017); Tsokaros et al.
(2017); East et al. (2016), (see also a recent review Pascha-
lidis and Stergioulas 2017). Several EoS have been used
to model a neutron star, making a comparative analysis of
its mass, radius and binding energy Lattimer and Prakash
(2001). Recently in Most et al. (2018) and Rezzolla et al.
(2018), the maximum mass and radius of these objects has
been constrained to 2.01+0.04−0.04M < M < 2.16
+0.17
−0.5 M and
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212 km < R < 13.45 km, respectively. The constraint was
obtained after studying millions of equilibrium neutron stars
with different equations of state.
Since the observation of gravitational waves, the event
GW170817, the join of observation of gravitational waves
and numerical simulation will become an important tool for
astronomy and astrophysics. One of the challenges is finding
a state equation for neutron stars which reproduces the wave-
forms observed. In this sense, a widely accepted candidate
as EoS is the quark star Alcock et al. (1986); Itoh (1970),
which is composed by stable strange quark matter (general
Witten’s conjecture) Bodmer (1971); Witten (1984); Farhi
and Jaffe (1984). Moreover, the quark stars satisfy the tidal
deformability estimated from the observation of the gravita-
tional wave event GW170817 (Lai et al. 2017). The usual
EoS to describe a fluid composed by mixed strange quark
matter under nuclear forces is the MIT bag model Farhi
and Jaffe (1984). Recently, general relativistic simulations
were performed in order to study the axisymmetric and tri-
axial solutions of uniformly rotating quark stars Zhou et al.
(2018b,a).
In this work, we solve the Tolman-Oppenheimer-Volkoff
(TOV) equations with a single layer polytropic EoS and the
MIT bag model to construct models of non-rotating neutron
and quarks stars respectively, in order to determine which
set of parameters of the EoS describe the masses and radii
reported from the observations (Lattimer and Prakash 2001;
Abbott et al. 2017). The paper is organized as follow: In sec-
tion 2, we briefly describe the TOV equations in 1D spherical
symmetry as well as the numerical details used to solve such
system of equations. Moreover, we add a brief description of
the EoS used to model the neutron and quark stars. We show
our numerical result for neutron and quark stars in section 3,
and finally some final comments in section 4. Hereafter, we
use the Einstein convention on sums over repeated indices
and use geometrized units where G = c = 1.
2 Tolman-Oppenhaimer-Volkoff equations
In this section, we built neutron and quarks stars models
with different central densities. The models are carried
out by solving numerically theTolman-Oppenheimer-Volkoff
(TOV) equations for a spherically symmetric static spacetime
described by the line element
ds2 = −α2dt2 + dr
2
1 − 2m(r)r
+ r2
(
dθ2 + sin2θdφ2
)
, (1)
being m(r) the gravitational mass function inside the radius
r , and α = α(r) the lapse function associated with 3+1
formalism in general relativity. The matter used in the model
is a perfect fluid described by the energy-momentum tensor
Tµν = (ρ0 + ρ0 + p) uµuν + pgµν , where ρ0 is the baryon
rest mass density,  is the specific internal energy density, p
is the fluid pressure, uµ are the components of the 4-velocity
and gµν are the components of the 4-metric (1). It is worth
mentioning that ρ0 and  are related through the following
relation ρ = ρ0(1 + ) called energy density.
Assuming the fluid inside the star is in hydrostatic equi-
librium, the TOV equations are given as a system of ordinary
differential equations for m, p and α
dm
dr
= 4pir2ρ, (2)
dp
dr
= −(ρ + p)m + 4pir
3p
r(r − 2m) , (3)
1
α
dα
dr
=
m + 4pir3p
r(r − 2rm) . (4)
To integrate the system of equations, it is necessary to in-
troduce an equation of state to close the system. Particu-
larly in this work, we consider two EoS, the first to model
neutron stars which consist of a single polytropic EoS and
the second to model quark star corresponding to the MIT
bag model EoS. Both equations of state will be described
in the next sections. The TOV equations become singu-
lar at r = 0 that is avoided performing a Taylor expan-
sion around this point and assuming the contour conditions
m(r = 0) = m′′(r = 0) = m′′′(r = 0) = 0. Moreover, we use
a guess constant value for α = 0.5 and impose the conditions
α(rmax) = 1/a(rmax), where a(r)2 = grr = 1/(1 − 2m/r)
(Guzman et al. 2012, see for more details). These conditions
satisfy that outside of the star the solution is given by the
Schwarzschild space-time. On the other hand, the surface of
the star is defined where the rest mass density is equal to the
atmosphere density ρatm = 1 × 10−10 in geometric units.
The numerical solutions of the TOV equations were car-
ried out by using the CAFE code Lora-Clavijo et al. (2015a)
(see also Lora-Clavijo and Guzmán 2013; Cruz-Osorio et al.
2012; Cruz-Osorio and Lora-Clavijo 2016; Lora-Clavijo
et al. 2015b; Cruz-Osorio et al. 2017) with a third order
total variation diminishing Runke-Kutta integrator Shu and
Osher (1988) in 1D spherical coordinates. The domain ex-
tends from rmin = 0 to rmax , which is chosen depending on
the model. In all simulations we use a uniform spatial grid
with spatial resolution ∆r = 0.06.
2.1 Polytropic Equation of State
The polytropic EoS, which was introduced for the first time
by Tooper (1965), corresponds to a relation between the pres-
sure and the rest mass density profiles ρ0, case 1. However,
there is another expression of EoS in a way the pressure de-
pends on the energy density ρ instead of the rest mass density
Tooper (1964), case 2.
Case 1: The polytropic equation of state has been used to
describe a completely degenerate gas in Newtonian theory
3and general relativity. Traditionally, in this EoS, the pressure
is written as a function of the rest mass density as follows
p = KρΓ0 = Kρ
1+1/n
0 , (5)
where K , Γ and n are usually called the polytropic constant,
polytropic exponent, and polytropic index, respectively. In
this case, the energy density is related to the pressure by
ρ =
( p
K
)1/Γ
+
p
(Γ − 1), (6)
where it has been assumed that the specific internal energy
satisfies the ideal gas equation of state ρ0 = p/(Γ − 1).
Case 2: The second possibility we have considered in this
work assumes that the rest mass density is replaced by the
energy density in the polytropic EoS, as follows
ρ =
( p
K
)1/Γ
, (7)
where the rest mass density is computed through the defini-
tion ρ = ρ0(1 + ) for comparison purposes.
In this model the density and pressure profiles in neutron
stars usually decay from center to the surface in adiabatic
fashion, where in the entropy gradients are neglected dS = 0,
i.e, the specific entropy is constant.
2.2 MIT bag Model for Quark Stars
Typically, quark stars are modelled with an equation of state
based on MIT bag-model of quark matter Chodos et al.
(1974) (see also Limousin et al. 2005; Zhou et al. 2018b),
which satisfies the weak interaction and neutral charge con-
dition. Neglecting the strange quark mass the EoS is given
by the simple formula
p =
1
3
(ρ − 4B), (8)
where ρ and B are the energy and vacuum energy densi-
ties of the bag that contain the confined quarks with three
different colors: up, down and strange. From lattice QCD
calculations is known that a phase transition from quarks
(confined to nucleons) to free quarks occurs before a density
of 6ρnuc is reached, being ρnuc = 2.3 × 1014 g/cm3 the nu-
clear saturation density Paschalidis and Stergioulas (2017).
For stable strange quark matter the vacuum energy density
values ranges from 57 MeV/ f m3 to 92 MeV/ f m3 Schmitt
(2010) 1, nevertheless, a more recently work reports slightly
different ranges 58.926 MeV/ f m3 < B < 91.5 MeV/ f m3
Paschalidis and Stergioulas (2017). It is worth mentioning
that there are more sophisticated equations of state, which
involve interacting quarks Flores et al. (2017) or more com-
plex structures, which involve anisotropic quark stars with
an interacting quark EoS Becerra-Vergara et al. (2019).
1
1 MeV/ f m3 = 1.6022 × 1033 dyn/cm2
3 Results
3.1 Neutron stars
The neutron stars models are constructed by solving the sys-
tem of equations (2), (3), (4) coupled with the state equations
(6) and (7) with different central densities. For build up our
physical understanding of the neutron stars, in this work we
explore different values of the adiabatic index Γ = 1.1, 4/3,
5/3, 1.181, 1.87, 1.93, 2.0, 2.02, 2.05, 2.15, 2.24, 2.40,
2.75, 5.0. The results are depicted in Figure 1, where we
show the total mass of the star as a function of the radius - the
called compactness of the star - for EoS with the adiabatic
index Γ and constant K such that the sound-speed in the star
is less than the speed of light. We found that for equation (6)
the acceptable adiabatic index range is Γ ∈ [5/3, 2.75] (see
the solid lines) while for the EoS given en equation (7) the
range is Γ ∈ [5/3, 2.0] (see the dotted lines), respectively.
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Fig. 1 Weshow the compactness of neutron stars, i.e, themaximum
mass versus radius of the several configurations of neutron stars.
The solid lines shows the models with EoS defined with rest mass
density (6) and the dotted lines corresponds to the EoS defined using
the energy density (7). We include, in horizontal lines three masses
estimated from observed pulsars Lattimer and Prakash (2001). The
light green cover range of estimated masses of individual neutron
star from gravitational waves emission (Abbott et al. 2017). Also
shown are in orange and blue shaded regions the recent maximum
mass and radii constrictions Rezzolla et al. (2018); Most et al.
(2018).
In this figure, green shaded regionwe also depict the range
of non-rotating neutron stars masses (1.17 < M < 1.6 M)
estimated from the gravitational wave event GW170817 Ab-
bott et al. (2017), the orange region corresponds to the
maximum mass interval obtained from the recent constric-
tion of neutron stars Rezzolla et al. (2018) and finally the
blue fringe is the acceptable radius for neutron stars Most
et al. (2018). We also include some particular pulsars like
J1141-6545, B1913+16, and J1903+0327 with masses M =
41.27 ± 0.01M, 1.4398 ± 0.0002M and 1.667 ± 0.021M,
respectively, choosing the pulsars with smallest error bars
which are reported in Lattimer and Prakash (2001). It is
worth mentioning that all the lines were constructed by us-
ing several values of the parameter K for each equation of
state. We found that the neutron stars modelled with EoS
(7) are more compact than the ones where the polytropic
EoS is applied directly over the rest mass density. This dif-
ference is more noticeable for smaller values of Γ than for
higher ones. For instance, for a given value of K , Γ = 5/3
and a neutron star mass of 1.2 M, the radius difference is
about ∼ 3 km, being the model with EoS (7) the one with
the smallest radius, while for Γ = 5 such difference is about
∼ 0.5 km. From this figure, we can conclude that when the
adiabatic index increases the radius mass relation for neutron
stars tends to be the same for both equations of state.
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Fig. 2 Close-up view of the Figure 1 to highlight maximum mass
and the corresponding radii. We show the fine-tuned values for
Γ and K such that we cover mostly the range of masses and radii
reported in Rezzolla et al. (2018); Most et al. (2018) for both cases,
using the rest mass density in EoS (top panel) andwhen the pressure
is written as function of the energy density (bottom panel). See
Table 3.1, for corresponding Γ and K to the represented by the dots.
Now by assuming that the maximum mass range and ra-
dius are 2.01 < M < 2.16 M and 12 < R < 13.45 km,
respectively Rezzolla et al. (2018), we realize a fit on the
adiabatic index and constant K in order to see what values
of these parameters, for both EoS, are necessary to satisfy
this constriction. In Figure 2, we show the corresponding
values of Γ that satisfies the constraint over the masses and
radius for neutron stars reported in Rezzolla et al. (2018).
Specifically, we found for the case 1 values that range from
Γ = 2.05 to Γ = 2.40, while for the case 2 these values
range from Γ = 1.81 to Γ = 2.02. The respective values of
constant K , adiabatic index, effective temperature, density
and pressure are reported in table 3.1.
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Fig. 3 Average of the effective temperature expressed either in
Kelvin degrees measured at infinity versus the adiabatic index Γ.
Shown with blue and red lines for EoS given in equations (6) and
(7) and in dotted line we depict the MIT Eos case. The effective
temperature at the star surface is Teff = 106 Ko Yakovlev et al.
(2004). See also Table 3.1 where we report the Teff ∞ for models
reported in Figure 2.
Additionally to the global aspect of neutron stars, i.e, the
compactness, we compute the effective temperature from
neutron stars surface. Is well known that the thermal
emission from the surface of neutron stars are estimated
from pulsars giving the effective temperatures in the range
3×105 Ko−106 Ko Lattimer and Prakash (2004); Page et al.
(2004). The effective temperature definition come up from
theoretical cooling calculation trough the Stefan-Boltzmann
law Lγ := 4piR2σT4eff , where σ is the Stefan-Boltzmann con-
stant and Lγ is the thermal surface luminosity measured in
the neutron star frame (see Özel (2013) for a detailed study of
surface emission). For an arbitrary observer located at infin-
ity - observer in the earth - the apparent luminosity is defined
as L∞γ := Lγ
√
1 − 2MG/Rc2 resulting in the redshifted ef-
fective temperature T∞eff = Teff(1 + z) = Teff
√
1 − 2MG/Rc2,
where z is the redshift Yakovlev et al. (2004); Lattimer and
Prakash (2004). In the Figure 3 (see also Table 3.1 for
specific values) we plotted the average of the effective tem-
perature at infinity versus adiabatic index for models de-
picted in Figures 1 and 2, the average was performed over
all possible values of constant K for EoS defined in equa-
tions (6) (blue line) and (7) (red line). Note that, for sim-
plicity here we assume that Teff = 106 Ko motivated in
5the temperatures estimated from pulsars Page et al. (2004);
Özel (2013). We found the redshifted effective temperatures
in the range 6.3 × 105Ko − 8.6 × 105Ko for p(ρ0) and
8.0 × 105Ko − 8.4 × 105Ko for p(ρ), respectively. We
should remark that those models correspond to the stars with
Cs < c, while for the maximum mass and radius values we
get a reduced range 8.0 − 8.4 × 105 Ko in the two EoS
models considered in this work.
3.2 Quark stars
The numerical integration of TOV equations (2), (3), (4) cou-
pled to the constitutive relation (8) (theMIT bag-model EoS),
describe a spherical symmetric non-rotating quark star. We
summarize the maximum mass and its corresponding radius
in Figure 4. Several simulationswere carried out for different
values of the vacuum energy density parameter, in particu-
lar, we explore values between the range 57 MeV/ f m3 to
92 MeV/ f m3. For the specific value of B = 60 MeV/ f m3,
we have obtained values of the mass and radius in agree-
ment with the ones reported in Gourgoulhon et al. (1999)
for non-rotating quark stars. We have also found that quark
stars modelled between the range of 90 MeV/ f m3 < B <
92 MeV/ f m3 can reproduce the masses estimated in the
event GW170817 Abbott et al. (2017). Furthermore, to sat-
isfy the constrained masses for compact stars reported in
Rezzolla et al. (2018), the values of B must be in the range
49.5 MeV/ f m3 < B < 57.3 MeV/ f m3; however, for these
values, we get more compact stars with radius in the range
from 10.95 km to 11.78 km, as is expected for quarks
stars, which are more compact than neutron stars (see the
blue shadowed region in Figure 4, which corresponds to the
acceptable radius of neutron stars Most et al. (2018)). Ad-
ditionally to this fact, some of these energy values B are
out from the valid range and was excluded in the figure,
obtaining that only one case satisfy the maximum mass con-
striction; B = 57 MeV/ f m3 giving us a mass M = 2.1 M
Γ K T∞eff [Ko ] ρ[ρnuc] p[dyn/cm2]
p = KρΓ
1.81 30.5 8.38 × 105 8.60 1.48 × 1029
1.87 45 − 50.5 8.46 × 105 8.31 − 9.50 1.90 − 2.18 × 1030
1.93 66 − 75 8.15 × 105 8.94 − 10.24 2.69 − 3.07 × 1030
2.02 133 8.00 × 105 9.84 1.38 × 1033
p = KρΓ0
2.05 210 8.37 × 105 5.49 1.90 × 1033
2.15 398 − 465 8.25 × 105 5.70 − 6.54 1.48 − 1.70 × 1035
2.24 700 − 835 8.15 × 105 6.07 − 7.00 7.02 − 8.10 × 1036
2.40 2300 8.02 × 105 6.68 6.45 × 1039
Table 1 Numerical outcomes for neutron stars modelled by poly-
tropic EoS with adiabatic Γ and adiabatic constant K that satisfy the
range of maximum masses and radii Rezzolla et al. (2018); Most
et al. (2018). In each approach, we report the effective temper-
ature at infinity Teff ∞ in Kelvin degrees, pressure p in cgs units
(dyn / cm2) the corresponding energy ρ and rest mass density ρ0,
respectively, in nuclear density units ρnuc.
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Fig. 4 Compactness for quark stars built following the MIT bag
model. The dots correspond to some particular vacuum energy in
range 57 MeV/ f m3 < B < 92 MeV/ f m3. In the same way,
as in Figure 1 we include some representative masses estimated
from pulsars, gravitational waves and maximum mass and radii
constrictions.
and R = 11km. We found that the thermal emission from the
surface of quark stars - following the same idea as in neutrons
stars - give us an almost constant effective temperatures at
infinity T∞eff = 7.95 × 105 Ko (see the Figure 3).
3.3 Binding Energy
Using our numerical results we compute the binding energy
for neutron and quark stars using the relation proposed in
Lattimer and Prakash (2001)
BE
M
=
6q
5(2 − q), (9)
which is a function of the compactness q = M/R. This
energy is relevant in the astrophysical context since BE/M
it is measured from the neutrinos emitted in a supernova
explosion. We found that the binding energy are in the range
0.10427 < BE/M < 0.1194 with compactness 0.159 < q <
0.181 for neutron stars with total masses between 2.01 <
M < 2.16 M and sizes of 12 < R < 13.45 km. For quark
stars the binding energy obtained run in the range 0.12126 <
BE/M < 0.12130 and compactness 0.1835 < q < 0.1836.
The compactness of quark stars is greater than compactness
in neutron stars, that means that same mass it is contained
in a small region. The range of energies using a single layer
polytropic and MIT EoS are in agreement with the values
reported in Lattimer and Prakash (2001).
4 Summary
We have performed numerical simulations of non-rotating
neutron and quark stars using single layer polytropic and
6MIT bag model equations of state, respectively. In partic-
ular, the polytropic EoS was applied to the rest mass and
energy densities, keeping the models in which the sound
speed is subluminal in the interior of the stars. In this first
two cases for neutron stars, we found that the stars with adi-
abatic index in the range 1.81 < Γ < 2.02 for EoS p = KρΓ
and 2.05 < Γ < 2.40 for p = KρΓ0 are optimal to reproduce
the constrained maximum masses and the corresponding ra-
dius recently reported by Rezzolla et al. (2018); Most et al.
(2018). We have carried out the same systematic search of
parameters to cover the range of individual masses estimated
from the GW170817 gravitational wave emission, the out-
comes are showed in Figure 1 and values of K reported in
table 3.1. Our numerical result for equation of state applied
to the rest mass density are in agreement with recent NICER
pulsar detection PSR J0030+0451 where a polytropic EoS
with adiabatic index Γ = 2.5 has been used to describe the
neutron star matter with mass M = 1.34+0.15−0.16 M Riley et al.
(2019); Raaijmakers et al. (2019).
On the other hand, for the case of quark stars, the
constrained maximum masses computed in Rezzolla et al.
(2018); Most et al. (2018) are reached for a single bag en-
ergy value B = 57 MeV/ f m3 giving us a mass M = 2.1 M
and radius R = 11 km, respectively. Now If we assume
that the gravitational waves measured in GW170817 come
from quarks stars, the parameter B must be in the range
90 MeV/ f m3 < B < 92 MeV/ f m3 and their respective
radius are∼ 8.65−8.75 km, which gives more compact stars.
However, our results for the range 57 MeV/ f m3 < B < 92
MeV/ f m3 can also reproduce the recent estimated mass
from gravitational wave detection GW190425 (The LIGO
Scientific Collaboration et al. 2020). Notable differences
have been found in the radius of neutron and quark stars, the
last one gives us more compact stars, i. e., smaller radius.
Together with compactness, we have carried a simplified
calculation of effective temperatures measured at infinity by
assuming the the temperature at the surface of the star isTeff =
106 based in the pulsar observations Lattimer and Prakash
(2004); Page et al. (2004). We found that the redshifted
effective temperatures for neutron stars are in the range 6.3×
105Ko − 8.6 × 105Ko, furthermore for quark stars we have
been found a constant T∞eff = 7.95 × 105 Ko.
Finally, we have estimated the binding energy for neutron
stars with both single layer polytropic equations of state and
found that this quantity ranges from BE/M = 0.10427 to
BE/M = 0.1194. For the case of the stars constituted by
quark matter, the binding energy is BE/M ∼ 0.121. From
our numerical results - using the simple EoS - is possible
to differentiate by using the set of parameter studied here
what kind of star we are observing, in the case that it can be
measured.
The outcomes presented here can be improved in many
ways. First introducing the spin to the stars; is well known
that the rotation of the stars gives us a different range of
masses and radii. Second, by including a more realistic
EoS with multiple layers and crusts. Finally, consider the
possibility of mixed matter in the star. We plan to address
these features in future works.
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